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210 Chapter 4: Polynomial and Rational Functions

b. Th e graph is shown in Figure 4-4c. Tracing to x 5 6, x 5 5, x 5 2, and
x 5 21 confi rms that the given points are on the graph. Note that for 
large positive values of x, the values of f (x) approach negative infi nity, 
consistent with the fact that the leading coeffi  cient is negative.

c. x 5   2b ___ 3a   5   215 ______ 3(22)    5 2.5, which agrees with the graph in Figure 4-4c.

Note: If you do not recall the matrix solution of linear systems from previous 
courses, see Section 13-2 for a refresher.

Recall the constant-second-diff erences property of quadratic functions. For a cubic 
function, the third diff erences between the y-values are constant. Th e table shows 
the diff erences for the function f (x) 5 22 x  3  1 15 x  2  2 19x 1 44 from Example 1.

x f (x)

21 80 
0 44 

236
 30  212

1 38 
26

 18  212
2 50 

12
 6  212

3 68 
18

 26  212
4 80 

12
 218  212

5 74 
26

 230
6 38

236

For an nth-degree polynomial function, if the x-values are equally spaced, then the f (x)-values have constant 
nth diff erences.

PROPERTY: Constant-nth-Differences Property

You will prove this property in Problem 14.

An object moving in a straight line passes a reference point at 
time x 5 2 s. It slows down, stops, reverses direction, and passes 
the reference point going backward. Th en it stops and reverses 
direction again, passing the reference point a third time. Th e 
table shows its displacements, f (x), in meters, at various times.

a. Make a scatter plot of the data. Explain why a cubic function would be a 
reasonable mathematical model for displacement as a function of time.

b. Write the equation for the best-fi tting cubic function. Plot the graph of 
the function on the scatter plot in part a.

c. Use the equation in part b to calculate the approximate time the object 
passes the reference point going backward.

d. Show that a quartic function gives a coeffi  cient of determination closer 
to 1 but has the wrong behavior for the given information.

x
2−1

−150
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150
f(x) In�ection

point

Figure 4-4c
➤ 

EXAMPLE 2 ➤ 

x (s) f(x) (m)

2 0
3 27
4 24
5 13
6 24
7 211
8 6
9 32

VISUAL OF EXAMPLE 2
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  CAS Suggestions

Students can use a CAS to solve 
Example 1. Consider having them use a 
system of equations. Some students fi nd 
it more straightforward to record ordered 
pairs in lists and use the equation to be 
solved in its generic form. 
Solve (y = a x 3  + b x 2  + cx + d, a) | x = {6, 5, 2, –1} 

and y = {38, 74, 50, 80} yields a � �2, b � 15, 
c � �19, and d � 44.

Alternatively, students can run a cubic 
regression using the list of ordered pairs.

Technology Notes

Th e QR code on the student page off ers 
a visual representation of what is being 
described in the example. Th is video 
shows the student what the motion being 
described looks like for functions of 
higher powers without using the actual 
graph of the function.

DIFFERENTIATING
INSTRUCTION

• Make sure students understand 
the language in Example 2—
especially part d.

• Show students how to use the 
solve feature on their graphers. 
Th is will help alleviate some of 
the language diffi  culty.

• Students should write in their 
journals about constant-nth-
diff erences in their own words.

• Some students may not have 
learned how to use matrices 
to solve systems of equations. 
Consider giving an overview 
at this time, or waiting until 
Chapter 13 to solve equations 
using matrices.

• Be aware that Problem 13 is 
language heavy even though it 
is review. Take the time to make 
sure ELL students understand 
the question.

• Have students do Problem 14 in 
pairs and write the problem and 
solution in their journals.

• Th e QR code with Example 2 gives 
students a visual representation 
of what is being described in the 
example. Th is video shows the 
student what the motion being 
described looks like for functions 
of higher powers without using 
the actual graph of the function.

 Exploration Notes

Exploration 4-4a requires students 
to fi nd the equation for a cubic 
function that fi ts a given set of 
points, both by using matrices and 
by using the regression feature 
of their graphers. Students then 
factor the equation and show that 
the zeros of the equation agree 
with the graph. You can assign this 
exploration as a group activity to be 
completed in class or as a homework 
assignment or review sheet. Allow 
about 20 minutes to complete this 
exploration.
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